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Abstract 

The Katz-Sarnak philosophy predicts that statistics of zeros of famiUes of L-functions 
are strikingly universal. However, subtle arithmetical differences between families of the 
same symmetry type can be detected by calculating lower-order terms of the statistics 
of interest. In this paper we calculate lower-order terms of the 1-level density of some 
families of elliptic curves. We show that there are essentially two different effects on the 
distribution of low- lying zeros. First, low- lying zeros are more numerous in families of 
elliptic curves E with relatively large numbers of points (mod p). Second, and somewhat 
surprisingly, a family with a relatively large number of primes of bad reduction has 
relatively fewer low-lying zeros. 

We also show that the lower order term can grow arbitrarily large by taking a biased 
family with a relatively large number of points (mod p) for all small primes p. 

1 Introduction 

The Katz-Sarnak philosophy predicts that statistics of zeros of families of L-functions 
are strikingly universal. However, subtle arithmetical differences between families of the 
same symmetry type can be detected by calculating lower-order terms of the statistics 
of interest. In this paper we calculate lower-order terms of the 1-level density of some 
families of elliptic curves. We show that there are essentially two different effects on the 
distribution of low- lying zeros. First, low- lying zeros are more numerous in families of 
elliptic curves E with relatively large numbers of points (mod p). Second, and somewhat 
surprisingly, a family with a relatively large number of primes of bad reduction has 
relatively fewer low-lying zeros. 

We also show that the lower order term can grow arbitrarily large by taking a biased 
family with a relatively large number of points (mod p) for all small primes p. 
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INTRODUCTION 



1.1 Preliminaries and Notation 

Let E/Q be an elliptic curve with associated L-function L(s,E) and conductor A^. 
By work of Wiles and others (|Wj. |TWj . |BCDTj ) there is a weight two primitive 
holomorphic cusp form / on ro(A^) such that L{s,E) = L{s,f). The completed L- 
function A(s, E) is entire and, with our normalization, satisfies the functional equation 
A{s,E) = ±A(1 - s,E). 

We are interested in the distribution of zeros of A{s,E), especially zeros at or near 
the central point. The Birch and Swinnerton-Dyer conjecture provides motivation for the 
interest in critical zeros, and random matrix theory provides tools for studying zeros near 
the central point. It is our hope that insight can be gained into ranks of elliptic curves 
by studying the finer details of the distribution of zeros at or near the central point. 

Consider the following 'density,' 

where (/> is an even Schwartz-class function whose Fourier transform ^ has compact sup- 
port, p =\^i^ runs over the nontrivial zeros of L{s,E), and X is a scaling parameter 
at our disposal. Since (j) has rapid decay, D{E; (p) is essentially a measure of zeros of dis- 
tance <C {logX)~^ from the central point. In our notation we suppress the dependence 
oiD{E](t)) on X. 

Definition 1.1. Let T he a family of elliptic curves. The 1-level density T>xi^) is by 
definition given by 

Vx{r) = ^^^^ DiE;cP)wx{E), 

where 

is the size of the family T and wx is a weighting function ( to be thought of as choosing 
curves E with conductor X). 

Our goal in this paper is to study the finer details of the asymptotics (as X — > oo) 
of the 1-level density for some families of elliptic curves. Katz and Sarnak have made 
predictions on the asymptotic behavior of the 1-level density for general families of L- 
f unctions f |KSlj . |KS2j ). The asymptotic behavior is governed solely by the symmetry 
type of the family. However, the lower-order terms in the 1-level density heavily depend 
on the arithmetical nature of the family. 

There is a large body of work on the 1-level density for a variety of families of L- 
functions (e.g. [FTj, |ILH], IKHl], El). Additionally, S. J. Miller pi and the author [Yj 
have investigated the main term of the 1-level density for various families of elliptic curves. 
Miller concentrates upon one-parameter families and considers both the 1-level and 2- 
level densities. The author focuses on large two-parameter families with test functions (j) 
concentrated close to the origin. Fouvry and Iwaniec |FT! also obtained lower-order terms 
in their investigations. 

Conrey and Snaith |(ySj have developed a method for predicting lower order terms for 
an arbitrary family of L-functions. This method is based on the L- functions ratios con- 
jectures of Conrey, Farmer, and Zirnbauer |('FZj . Their work is powerful in its generality 
and conceptually quite illuminating, but of course it does not give unconditional results. 
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If one were to apply their method to one of the famihes considered in this paper, then 
one would be led to essentially the same (unconditional) calculations that we carry out 
in this paper. 

1.2 Statement of Results 

The families of elliptic curves under scrutiny in this paper are the family of curves with 
torsion group Z/2Z x Z/2Z and the family with torsion group Z/2Z. We study these 
families (as opposed to the family of all elliptic curves) because with these families we can 
more accurately estimate the average of the logarithm of the conductors (see Lemmas 15.31 
andlOJ. 

The following definitions precisely state which families we are considering and what 
are the corresponding weighting functions wx- 

Definition 1.2. Let q be a positive odd integer, and let oq and bo be integers such that 
(g,ao6o(flo + 26o)) = 1- The family T\ = J^i{ao,bQ; q) = {i?a,fe} is the family of elliptic 
curves given by the Weierstrass equations Ea^b ■ = x{x — a){x + 2b), where a and b 
are odd coprime integers such that a = oq (mod q) and b = bo (mod q) . Further, let 
be the conductor of Ea^b o,nd let \a,b{n) be the coefficient of n^^ in the Dirichlet series 
expansion of L{s,Ea^b)- Ii^- the special case q = 1 we set 



Any elliptic curve over Q with torsion group Z/2Z x Z/2Z can be represented by a 
Weierstrass equation of the form y'^ = x{x — a){x + b). We shall refer to J-[ as the family of 
all elliptic curves with torsion Z/2ZxZ/2Z, even though the coprimality restrictions in the 
definition of J-i mean that our family is somewhat smaller. The coprimality restrictions 
are imposed for technical reasons, namely, in order to accurately compute the conductor; 
see Lemma 13.21 for a formula for N^^b- 

It is interesting to study the variation of the 1-level density of J-i as oq and bo vary 
(mod q). The coprimality condition {q, ao6o(oo + 2&o)) = 1 nieans Ea^b has good reduction 
at every prime dividing q. 

The corresponding definition for the family with torsion Z/2Z is given by 

Definition 1.3. Let q be a positive odd integer, and let oq and bo be integers such that 
{q, bo{aQ + 6o)) = 1. The family T2 = ^2{<i0: bo', q) = {Ea,b} is the family of elliptic curves 
given by the Weierstrass equations Ea^b '■ = xixP' + 2ax — b), where a and b are coprime 
integers such that a = ao (mod q), b = bo (mod q), and a = b = I (mod 4). Further, 
let Nafi be the conductor of Eafi and let Xafii"^) be the coefficient of in the Dirichlet 
series expansion of L{s,Ea^b)- In the special case q = 1 we set 



For notational simplicity we use the common symbols Eafi, Nafi, and Xafi{n) for both 
families J-'i and J-2. There should be no confusion because we shall always make clear to 
which family we are referring. 

We define wx for J-i with the following 



Definition 1.4. Let w G C^(M+ x M+)i, w{0,0) = 1. Set A = B = X^/^. Then for 
Ea^b G ^1 we set 



.^^=.^2(1,1;!). 




^Here and throughout R+ = (0, 00). 
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Likewise, for J^2 we have 

Definition 1.5. Let w G C^(R+ x M+), {5(0, 0) = 1. Set A = X^/^,B = XV2. Then 
for Eafi € J^2 we set 

fab 

wx{Ea,b) = ^ ( ]4';g 

The conditions on the sizes of A and B are 'correct', because in Section we show 
that for both famihes J-i 

y-v logiVa,b ^^^^ ^ Wx{J^i) as X ^ oo, 
^-^ log X 

SO that we can think of wx as picking out curves E with conductor N ^ X. The reason 
that these are the right choices for A and B is that, for J^i, say, A^^^jb = 2^a*b*{a + 26)* 
(here n* is the product of primes dividing n). If wx{Ea^b) 7^ 0, then a x A and 6 x 5, so 
for 'most' values of a and 6, we should have \ogNa,b close to log(Ai?(^ + 2B)) ~ logX. 
Similar reasoning holds for ^2- 

Now we may state our main theorems 

Theorem 1.6. Let q be an odd positive integer. Then 

VxiJ^i) = ]:m + m + [ei(ao, ^o) + + d?.M + + d^M + ^6,1(9)] 

z log A 

^(0) r 1 ^ 1 

[Cl,l + C2,l + C3,i + C4,i + C5,i + C6,lJ + O 



as X ^ cx), provided supp i;^> C (— |, |), and where the constants are given by (|lflj) . 

(CSl), (El), (111, dH, dlSl), dUl), (PI, dH, dSni), and (EU- 

For convenience to the reader we gather the constants together here. Let xa^^ 5 be the 
principal Dirichlet character (mod Na^b)- We have 

..(»o,M = -2Elosp(i-^){(i-^ + i)"'-i}. 

di,i{q) = 3 V^J^, 

p\q 



p\q 

logp 



^..(^)-e^ee{(-^.^)""-' 

p|g a,& (mod p) v , 

and 

pig 
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Note that XNa bip) well-defined in the above expression for c?5,i(g), even though Na^b is 
not (the point is that the property of p dividing the conductor Na^b of = x{x — a){x+2b) 
only depends on a and b (mod p) ) . 
As for the Cj^i we have 



roo poo 

ci,i = / / log{2^ xy{x + 2y))w{x,y)dxdy — 
Jo Jo 



logp 



C2,i = -21og27r - 27, 
logp 



C3,i = -eX] 



^ logp Y-V- J/^i , XN^,tip)Y^ 1 



P7^2 a,fe (mod p) 

and 



C6,l = 6 ^ 



logp 

p{p + 1)2 ■ 



and where R(t) = J2p<t logP ~ t. Actually, the formulas given above for 61,^5^1, and cs^i 
are given by (|29[ ). and (|27h . respectively. 

It may be of interest that the calculation of the lower-order terms is unconditional, 
but that obtaining the result for support up to 2/3 relies on the Riemann Hypothesis 
for Dirichlet L-functions (but not the elliptic curve L-functions under consideration!). 
Eliminating the use of the GRH would force us to reduce the support. We also have 

Corollary 1.7. We have 

T^xiH) = ^'A(O) + ^(0) + [Ci,i + C2,l + C3,l + C4,l + C5,l + Cg.l] + O ( ) 

2 log A Vlog -^^y 

as X ^ 00, provided supp </> C ( — |, |), and where the constants are as in Theorem ] l.bl 

Similarly, for the family J^2 we have 
Theorem 1.8. Let q be an odd positive integer. Then 

Vx{r2) = \(t>{^) + 0(0) + [e2(ao, 60) + c?i,2(g) + ^^2,2(9) + d^^2{q) + (^4,2(9) + ^5,2(9)] 

2 log A 

^(0) r 1 ^ 1 

+ :j 77 [Cl,2 + C2,2 + C3,2 + C4,2 + C^,2 + C6,2j + O 



logX^"'" "'"^ Vlog'^^ 

as X ^ 00, provided supp (?i> C ( — ^, ^), and where the constants are given by pHj) . (jl4|l . 

(csi), (HU), (111, (HI, disi), dni), (HH), dnni) and dsu. 
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Again we presently reproduce the constants. We have 
62(00,^0) '- 



p\q 
p\g 
p\q 



p\q a,b (mod p) 

and 



For the Cj 2 we have 



log(2'^y(x^ + y))w{x, y)dxdy - 2 V ^ -, 

C2,2 = -21og27r - 27, 



C4,2 = 2|l+/ ll^dt-2>;-^-log2 



C5,2 = - 

and 



p^2^^^ ' a,b {mod p) ^ ^ 



C6,2 = 4 2^ 



and where R{t) = J2p<t logp — t. 

Here the support range is unconditional. It is likely that support up to 2/3 could be 
reached using methods in 0, conditional on the GRH. 

Again, we have 

Corollary 1.9. The following holds 

T^xiH) = ^'/>(0) + ^(0) + [Ci,2 + C2,2 + C3,2 + C4,2 + €5,2 + Cg.a] + O ( ) 

2 log A \log^ X / 

as X ^ 00, provided supp <j) C {—\, \), and where the constants Ci^2 are as in Theorem 
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It is of interest to see how the 1-level densities of the famihes J-i and J-2 vary as 
and 60 vary (mod q). Since Cj is the only constant depending on oq and bo, Theorems 
11.61 and 11.81 show that the conditions a = qq (mod q) and b = bo (mod q) simply fix 
'^a,bip) = '^ao,6o(^') P\l (this Can be seen as a sort of independence of primes since 
restricting a and b (mod q) does not affect the average behavior of \a,b{p) for (p, q) = 1). 
We clearly see how relatively large —^aQ,bo{p) corresponds to (slightly) more zeros at or 
near the central point. It is well-known that an elliptic curve with positive rank should 
have larger — A(p)'s than an elliptic curve with zero rank; here we see a direct relationship 
between low-lying zeros and larger — A(p)'s. Conrey et al |(]KE,Sj have noticed similar 
phenomena in the distribution of rank frequencies of quadratic twists of a fixed L-function. 
Namely, they observed a similar kind of independence of primes and also a slight increase 
in rank frequency when restricting to arithmetic progressions with a larger —\[p). 

In Theorems 11.61 and 11.81 we can also let q grow (slowly) with respect to X. In our 
proofs of the two theorems we exhibit the dependence on q of the implied constants in 
the remainder term. As long as (7 <C for e small enough with respect to the support 
of (j) we retain the desired asymptotic. The payoff is that we may choose a sequence of q''s 
with biased XaoM^P) P\l ^^Sii ei{aQ, bo) can grow with X. Precisely we let qn be 

the product of all odd primes p less than or equal to n. For each p select integers Up and 
bp such that Eap,bp has good reduction at p. By the Chinese Remainder Theorem take 
oo,n and 6o,n such that ao,n = Op (mod p) and 6o,n = bp (mod p) for all p < n. Notice 
that since Ea^^bp has good reduction at all odd primes p < n, the conductor of each curve 
in the family is almost prime (that is, the conductor has no small prime factors except 
for the fixed power of 2). Then we may state 

Theorem 1.10. Take e small and let n = n{X) be an integer such that 

n e log X 

as X ^ 00. Then for i = 1,2 we have 
T>x{^i{ao,n,bo,n;qn)) = 7;4>{0) + ^(0) + /'^^], ei(ao,n, ^o,n) + Ci ^ +0 ' 



2 logX ' ' logX Vlog X 

as X 00, provided (/) has support as in Theorems and Here Ci is a fixed 

constant depending only on w, (f), and the family J-[, and e is chosen small enough with 
respect to the support of (j). 

For convenience we recall 

e.(«„,„,i-„,.) = -2X:iogp (1 - ^) { (1 - + ^) " - 1} 



-2 E - - + 1 + 



01 oY^l '^a.p,bp{p) , Kp,bp{p)\ , . 

21ogn-2 2^1ogp ^^J^ I^IH j +o{logn). 



By taking biased Xap.bpipY^ can show 

ei(ao,n,&o,n) > (logX)^/2 
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and for a different choice of Up, bpS we have 

ei(ao,n,&o,n) < -{logXf^. 

These estimates translate to 

Vx{Ti{ao,n, bo,n; qn)) > l^O) + ^(0) + d ^ 



2^^ ' ' ' ' '(logX)i/2 
and 

:Px(^i(ao,n, hoy, (?„)) < ^</.(0) + ^(0) - d 



2^^ ' ' ' \logX)i/2' 

respectively, where Cj is some positive constant. These estimates show there is a lot of 
variation in the low-lying zero density. 

We now show why there exist such large values of e^. It will follow from the fact that 

maXa^f,(mod p)\K,b{v)\ > 1 + 0{p'^) 

and the elementary fact that for any \a,b{p) there exists a' and h' such that \a',b'{p) = 
—\a,b{p)- The above estimate on the maximal size of A(p) is immediately deduced from 

E E >^lb{p) = + L^{P\ 
a (mod p) b (mod p) 

where Lj is a linear polynomial depending on the family only. This elementary compu- 
tation is performed in Section f9. 21 

It is important to realize that we cannot take biased A(p)'s for all p < n and n too 
large because it would necessarily contradict the Riemann hypothesis for an elliptic curve. 
Nevertheless, there should be quite a bit of freedom in choosing A(p)'s for p relatively 
small. 

Notice also that we are heavily using the fact that our elliptic curves are given by 
Weierstrass equations in order to piece together our family from local data. It would be 
of interest to make an analogous construction for general holomorphic cusp forms of, say, 
weight 2. Loosely speaking, suppose we are given a finite set of primes {pi} and modular 
L-functions {L{s, /«)} of weight 2 and relatively small level. Then the question is, can we 
produce a 'natural' family of modular L-functions {L{s,f)} (of weight 2 and ostensibly 
larger level) such that \f{pi) = Xf.{pi) for all / and pi? 



1.3 Analysis of the Constants and a Comparison of the Two 
FamiUes 

It is of interest to compare the lower-order terms of and (comparing general 
J^i{ao,bo, q) and J^2{iQ,bQ, q') is not straightforward since it is not clear how the con- 
gruence conditions on J^i should correspond to the congruence conditions on ^^2). Recall 
that the family corresponds to a family with torsion Z/2Z x Z/2Z; the family 
corresponds to a family with torsion Z/2Z. 

In order to compare the lower-order terms of the two families we must scrutinize 
the constants Cij. It is important to know what quantities are averaged to give these 
numbers. The interested reader should see Proposition 12. II for the form in which we have 
written the explicit formula. There are five distinct quantities over which we shall average; 
the constants ci^j through C4^i correspond to the first four such quantities, respectively. 
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Averaging over the quantity on the last hne of Proposition 12.11 gives both cs^j and C6,i; we 
remove the restriction p J(N by summing over p\N separately. Summing over p\N gives 
C6,i, and summing over all p gives cs^,. 

The first thing to notice after examining the various constants is that ci^i is the only 
constant associated to J-i that depends on the weighting function wx- We must properly 
choose our weighting functions in order to compare the two families in a natural way. We 
contend that the correct choices of wx should equalize ci,i and ci,2- The constants ci,j 
give the lower-order approximation to the average of the logarithm of the conductors for 
the two families. The total number of zeros in the critical strip of height up to T of an 
elliptic curve L-function with conductor is 

T NT"^ 

See |IKj . Theorem 5.8, for instance. Therefore, equalizing ci^i and ci^2 is equivalent to 
making the proper normalization of the high zeros of the two families. 

Obviously C2,i = C2,2 because all elliptic curve L-functions have the same gamma 
factors in their functional equation. 

Computing the numerical values of the remaining Cjj 's is enlightening. We have^ 

C3^i = -0.3309763 . . . 
C3 2 = -0.2206508 .... 

The term cs^j is a measure of the effect of the primes dividing the conductor. For 
odd the quantity ^^ (p) is oscillatory and does not contribute even a lower order term 
upon averaging over the family. On the other hand, ^a^ip) ~ P~'^ primes dividing 
the conductor, so the effect we are measuring is how many primes divide the conductor. 
The difference is that J-i has three essentially independent large factors and J-2 has two 
essentially independent large factors (precisely, we show in Section |31 that for we have 
iVa^h = 2^a*6*(a + 26)* and for J^2 we have A^^b = 2^h*{o? + h)*, n* here being the product 
of primes dividing n). 

Next in this list we have 

C4 1 = -3.6656429 . . . 
2 = -3.127581... . 

Again, the difference between the two families is the number of primes dividing the 
conductor. 

The most arithmetically interesting part arises from averaging X{p'^). Here we compute 

C5_i = -0.169117... 
C5 2 = -0.000614.... 

The reason 0^ 2 is significantly smaller than 05^1 is that for J^2 we have 

a (mod p) b (mod p) 



believe all constants in this section are calculated correctly to the displayed number of digits, but I 
have not rigorously bounded the tails of the infinite series. 
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for all p, whereas the corresponding sum for J^i is nonzero in general (numerical compu- 
tations suggest that it is zero for p = 2 only). We also have 



Here again we have cg^i proportional to the number of independent divisors of the con- 
ductor of the family J^i. 

By adding the relevant constants we see 



so that J^2 has more low- lying zeros than J^i. It is somewhat surprising that the lower- 
order terms for these two families are controlled more by the number of prime divisors 
of the conductors than by any subtle distributional properties of the \a,bip'^)- Of course, 
for any p prime and s > 1/2 we have 



so, all things otherwise being equal, there should be a correlation between many primes 
dividing the conductor of an elliptic curve E and slightly larger values of L{1/2,E) 
(and perhaps slightly fewer low-lying zeros of L(s, E)). 

I. 4 Overview of the Proofs and Organization of the Paper 

The proofs of Theorems 11.61 and 11.81 follow from a careful evaluation using the explicit 
formula. The two proofs are exceedingly similar so we have endeavored to eliminate 
repetition as much as possible. In fact, we prove the two theorems in parallel. As a 
rule, we do the necessary computations for J^i and J^2 in separate subsections of the same 
section. Often we first do a calculation more general than what we need and simply apply 
it to both families of interest. It is usually no extra work to do the calculations in greater 
generality and in fact it reduces repetition. 

The result of Corollarv ll.71 fresp. Corollarv ll.9|) will follow from the proof of Theorem 

II. 61 (resp. Theorem II. 8jl : the calculations will go through with q = 1- The constants Cj, 
di^i, and d2,i will be zero in this case. Of course the restrictions a = (mod q) etc. are 
then always satisfied for q = 1. 

The proof of Theorem 11.1 ( )l follows from the same lemmas that prove Theorems 11.61 and 
11.81 The uniformity proven with respect to q allows q <^ X^. Taking q to be the product 
of the odd primes less than or equal to n means we must restrict n by n ^ elogX. One 
minor issue that arises is describing the behavior of the constants di.i{q) as q ^ oo. It 
is easily seen these converge to the sum over primes in the corresponding q^j, with error 
term of size 0{n~^) = 0{{logX)^^). 

We state the explicit formula for an L-function attached to an elliptic curve in Section 
(see Proposition 12.1(1 . The overall goal, then, is to average each of the terms in the 
explicit formula. We average each term in a separate section. 

In Section ini we calculate the conductor of the curves Ea^b and the Dirichlet coefficients 



The conditions defining the families J^i and J^2 are slightly thorny. In Section 0] we 
compute the sizes of the families, that is, we calculate the asymptotics of Wx{^i)- 



C6,i = 0.24266089 . . . 
C6,2 = 0.16177739... . 



C3,i + C4,i + C5,i + C6,i = -3.77087 . . . 

C3,2 + C4,2 + C5,2 + C6,2 = -3.18707 . . . 




of L{s,Ea^b)- 



THE EXPLICIT FORMULA 



In the remaining sections we average the various terms of the exphcit formula. The 
difficult parts are averaging the logarithm of the conductors (Section ISJ and computing 
the sums in Section 1^1 
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2 The Explicit Formula 



We need a precise formulation of the explicit formula. Let E be an elliptic curve with 
L-function 



L{s, E)=}^—^=[[\^l-—^ + j 



-1 



n=l p 

where xo is the principal Dirichlet character modulo the conductor N of E. We normalize 
L(s,E) to have central point s = 1/2. The completed L-function 

'ns + \)Lis,E) 

is entire and satisfies the functional equation A(s,E) = wA{l — s,E) where w = ±1 is 
the root number of E. 

Now we simply apply Theorem 5.12 of |IKj to L(s, E). It reads 



logX ^ n^n ^ \\ogX I ' 
where 7(5, E) = (27r)-"r(s + \) and 



IJ_ 

T' 



s,E) = Ag(n)n" 



n 



The contribution from the integral of 7V7 is 



x){-log2n + ^(l + P^]}dx. (1) 



iogXj_^^' ' [ ^ r V logX 

For p\N the logarithmic derivative of the local factor of L is 
so the contribution from such a p is 



COMPUTING THE CONDUCTOR AND DIRICHLET COEFFICIENTS 



The contribution from the primes not dividing TV can be expressed in various ways (e.g. 
X{p'^), X'^ip), or the parameters a{p), a{p) such that a{p) + a{p) = X{p)). We choose to 
make the derivation with respect to Xip'^). Since for p J(N 



we therefore have 



Lp^ ' \ P^y P"' 

Using \{p)X(p^) = \{p^~^^) + A(p^~^) (with the convention X{p~^) = 0) gives 

P \u=0 ^ u=0 ^ i/=0 ^ / 



oo 



= i^-logpgAM(^--^ 



Therefore the local integral contribution from this p is 

21ogp - ^21ogp^ ^logp X{p'^) f 2 f t^logp^ + 2) logp 



piogx"^ Viog^/ logx^ p''/2 V Viogxy ^ logx 

Now we have proved 

Proposition 2.1 (Explicit formula for an elliptic curve). 

/ IogX\ logiV 2 , , ( , r'/ 27rix\] , 

logp X^jp) 2( y\ogp \ , 11^^^ /^^]^^ 

^ logx ^ W2 I logx y ^ piogx*^ V log^ 

logp X{p^) ( 2 ( ^ logp^ -i2 ( + ^) ^og?* 



^logX^p'^/s V^'VlogXy ^ logX 

3 Computing the Conductor and Dirichlet Coef- 
ficients 

In this section we calculate the arithmetical quantities we will need in order to apply the 
explicit formula. 

We briefly review some basic facts of elliptic curves. Suppose the curve E/Q is given 
by the general Weierstrass equation 

E : + aixy + asy = + a2X^ + a^x + a^. 
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We have the canonical parameters 

b2 = al + Aa2, 64 = 204 + 0103, 65 = 03 + 406, 

58 = of Og + 4O2O6 — O1O3O4 + 02o| — O4, 

C4 = 6^ - 2464, C6 = -62 + 366264 - 21666, 
A = -6^63 - 86l - 276^ + 9626466. 

The conductor of -E is a positive integer dividing A. There is no simple formula for 
A^, but it can be computed by following an algorithm due to Tate (see |Si2j . pp. 361-368 
for a description). If the Weierstrass equation defining E is minimal then every prime 
dividing A also divides (recall that a Weierstrass equation is minimal if A cannot be 
reduced by a change of variables). All curves in our families J-i and J- 2 are minimal. The 
following formula determines the power of p dividing A'^ 

'0 if(p,A) = l 

oicdp{N) = < 1 if p\A and {p, C4) = 1 

[2 + 5p{E) ifp|(A,C4), 

where Sp{E) is a measure of wild ramification that may occur at the primes p = 2 and 3. 
If p > 3 then Sp{E) = 0. The three cases above correspond to E having good reduction 
at p, multiplicative reduction at p, and additive reduction at p, respectively. 
For convenience of notation we make the following 

Definition 3.1. Let ri be an integer such that the congruence a = ri (mod 2q) is equiv- 
alent to the congruences o = oq (mod q) and o = 1 (mod 2). Similarly define ti with 
respect to 6 and 69. Analogously, let r2 and t2 be integers such that the congruences o = oq 
(mod q) and o = 1 (mod 4) are equivalent to a = r2 (mod 4g), and similarly for b. 

Note that ri and ti codify the congruence conditions of the family J^i while r2 and t2 
perform the same function for J^2- We may unify the conditions for the two families by 
noting that the conditions are special cases of the congruences a = ri (mod 2*g), 6 = ti 
(mod 2*g). 

3.1 The family = x{x — a){x + b) 

Consider the elliptic curve E given by the Weierstrass equation = x(x — a)(x + 6). 
The curve E has discriminant A = 16o'^6^(o + 6)^ and parameter C4 = 16(0^^ + 06 + 6^) = 
16((a + 6)'^ — 06). If o and 6 are relatively prime then (04, A) is a power of 2, and hence 
E does not have additive reduction at any primes p ^ 2. 

Lemma 3.2. Suppose a and 6 are odd and coprime. For an integer n let n* be the product 
of primes dividing n. Then the curve Ea^ : = x{x — o)(x + 26) has conductor 

N = 2^a*b*{a + 2b)*. 

Proof. By the discussion before the lemma, the odd part of A^ is simply the product 
of odd primes dividing 06(0 + 26), which is 0*6* (o + 26)* because a and 6 are odd and 
coprime. It remains to compute ord2(A^). We follow Tate's algorithm |Si2j . The point 
(0,0) is already singular (mod 2). The algorithm terminates at step 4, since 2'^ )(bs (note 
63 = 4o^6^ and o and 6 are odd). Tate's algorithm says ord2(A^) = ord2(A) — 1, which is 
5 since 2"^ A = a'^b'^{a + 26)^ is odd. ■ 

The following lemma provides a useful formula for the Dirichlet coefficients of 
L{s,Ea,b)- 
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Lemma 3.3. Let a,b,Ea^b be as in Lemma \3.'A Let \a,b{p) be the coefficient of p ^ in 
the Dirichlet series expansion of L{s,Ea^b)- If P then 



Ifp\N then 



K,b{p) 



-1/2 



X (mod p) 



P 



'''KM 



V 
—i 
V 
2b 
P 



x{x — a){x + 2b) 



P 



ifp\a 
ifp\b 

ifp\ia + 2b) 
ifp = 2. 



(2) 



(3) 



Proof. The conditions (a, 6) = 1, a and b odd imply that the Weierstrass equation 
defining Eafi is minimal, and hence that @ holds. We easily evaluate the sum when p\N. 



3.2 The family = x{x + ax — b) 

Consider the elliptic curve E given by the Weierstrass equation = + ax — b). 
E has discriminant A = 166^ (a^ + 46) and parameter C4 = lG{a^ + 36). If a and 6 are 
relatively prime then (04, A) is a power of 2. 

Lemma 3.4. Suppose a and 6 are coprime, and that a = 6 = 1 (mod 4). Then the curve 
Ea,b ■ y' = x{x'^ + 2ax — 6) has conductor 

N = 2^6* ( * = 2%*{a^ + 6)*. 



Proof. The odd part of N is easily shown to be as claimed. We need only compute 
ord2(iV). We follow Tate's algorithm. First apply the change of variables x x+1, giving 
the Weierstrass equation E' : y"^ = x^+x^(2a+3)+x(4a — 6+3) + (2a — 6+1). The reduced 
curve E' (mod 2) then has singular point (0,0). We have 05 = 2a — 6 + 1 = 2 (mod 4), 
so the algorithm terminates at Step 3. Tate's algorithm reads that ord2(A^) = ord2(A). 
We have ord2(A) = 7 since 2-^A = b'^{{a^ + 6)/2) = 1 (mod 2). ■ 

Lemma 3.5. Let a,b, and Ea^b be as in Lemma \'j.4\ Let \a,b{p) be the coefficient of p~^ 
in the Dirichlet series expansion of L{s,Ea^b)- If P 7^ 2 then 

. , . _i/2 ( x(x? + 2ax - b)\ 

Kbip) = -p 22 ( ^ -) ■ (4) 



X (mod p) 



Ifp\N then 

P^'^KM = 
Proof. Identical to that of Lemma 13.31 




ifp\b 

ifp\{a'' + b),p^2 (5) 
tfp = 2 
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4 Computing the Size of the Famihes 

In this section we compute the sizes of the famihes J-i and Essentiahy we need to 
count pairs of coprime integers a and b that he in specified arithmetic progressions. 



4.1 A General Computation 

It is useful to make the foUowing 
Definition 4.1. For any integer I ^ set 

p\l 

where the product is over the prime divisors of I. 

Note that 7(/) is multiphcative. 

Lemma 4.2. Let A and B he larger than 2. Let r, t, li, and I2 be positive integers such 
that (r,/i) = {t,l2) = 1- Let w G C^{M?), w(0,0) = 1. Then 

a=r (mod li) 
b=t (mod I2) 
(a,b)=l 

Further, suppose p is prime such that {pjhh) = 1- Then 

EE -(^4) =^^^(^^^^)^"(')^ + ^«^ + ^)'^^)- 

a=0 (mod p) 
a=r (mod Zi) 
b=t (mod I2) 
{a,b)=l 

The implied constants depend only on w and e. 

Note. The second statement will not be applied until Section |7| but it is natural to 
prove it here. 

Proof. We prove both statements simultaneously. Let q be either 1 or p and let S be 
the sum to be calculated. We have 

^- EE »(^.|)^ EE K^.l 

a=0 (mod q) a~qr (mod Zi) 

a=r (mod l\) b=t (mod I2) 
b=t {mod I2) {aq,b)=l 
(a,b)=l 



By Mobius inversion, we obtain 

A ' B 



5= E M<o EE "(^.'4 



(d,hl2q)=l a=dqr {mod h) 

d«mm(A,B) b=dt {mod I2} 

{b,q) = l 



E .wEmw EE •"(^■^)- 

l,hhq)=l e\q a=dqr {mod h) 



{d,l 

d^mm{A,B) b=d^t {mod h) 
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16 



Completing the sum in a (mod li) and b (mod I2) gives 

~ hA kB 



AB ir--^ fi(d) ^(e) f dqrh\ f detk\ 



w 



c«min(yl,_B) e\q h k 

{d,lil2q)=l 



dqh ' del2 J 



Extracting the main term from the zero frequencies gives 



hhq^ ^ d^ 

{d,hhq) = l 

AB^{hhh{q^Mq)C\2) + 0{{A + B)^+^) 



since 

k 



(d,pi...Pfc)=l 

if Pi, . . . ,Pk are distinct primes. We easily compute '^{q)"i{q^) = (p + 1)^^ in case q = p, 
and ^{q)'y{q'^) = 1 in case q = 1. ■ 

4.2 The Family 

Lemma 4.3. The size of the family T\ is given by 

the implied constant depending only on w and e. 

The proof is a simple application of Lemma 14.21 By definition, 



Ea,b&^i a=r\ (mod 2q) 

b=t\ (mod 2q) 
(a,b)=l 

Simply apply Lemma W?^ with h = l2 = 2g. We easily compute 7(4g^) = 7((/^)/3. 

4.3 The Family 

Lemma 4.4. The size of the family T2 is given by 

the implied constant depending only on w and e. 
Proof. By definition, 



E ^x(i?a,.)= EE ^(I'l) 



Ea,b&^2 a=r2 (mod 4q) 

b=t2 (mod Aq) 
{a,b)=l 
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We compute 7(16g^) = j{q'^)/l2. 
We now make the following 



Definition 4.5. Set 



M(^2) 



3C(2) 
ABjiq^) 



K{2)q ' 
ABj{q) 



12C(2) 12C(2)g- 
Of course the prevous two lemmas showed Wx{J^i) ~ M{Ti). 



5 The Conductor on Average 

In this section we average the logarithm of the conductors of the families J-i and J-2 ■ This 
is the technically most difficult aspect of this paper. We are able to succeed with these 
two families essentially because the conductor factors into linear polynomials (roughly 
speaking, N ~ ab{a + 2b)). The analogous calculation for the family of all elliptic curves 
would involve summing the logarithm of the product of primes dividing 4a^ + 276^ (the 
summation being over a and b in appropriate ranges). Getting a precise asymptotic for 
this sum is an open problem. 



5.1 A Sum with Squarefree Integers 

In this section we evaluate a sum involving the squarefree part of integers. The calculation 
will be applied many times with various test functions and congruence conditions. We 
have 

Lemma 5.1. Let A and B be larger than 2. Let r and t be integers, and suppose I is a 
positive integer such that {r,l) = {t,l) = 1. Let w G Co°(M+ x ■w{0,0) = 1. Let n* 
be the product of primes dividing n. Then 

E E -o. «• » (1. 1) ^ fio. - + / / >o. ^ »(^. -Y.^] 

a=r (mod I) \ / V ^ \^ J J vfi ) 

b=t (mod I) 
(a,b)=l 

+ 0{{A + A^/'^B)A'). 

The implied constant depends on w and e only. 

By Lemma l4. 21 notice that AB^{l)l^^(^^{2) is the asymptotic if log a* is not present. 
The expected extra factor of log A to compensate for log a* is correct but there is a rather 
large secondary term present. 

The outline of the proof is to execute the summation over b and reduce to a one- 
variable sum, to which we will apply Lemma 15.21 

Proof. Let T be the sum to be computed. By Mobius inversion we have 

a=r (mod I) a=r (mod /) d\a b=dt (mod I) 

b=t (mod I) 
{a,b)=l 
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Applying Poisson summation in b (mod I) gives 

T= J2 i°g«*EM^)(|^(i)+o(i)) 

a=r (mod /) d\a 
a<$:A 

where 

/oo 
w{x, y)dy. 
-oo 

Evaluating the summation over d gives 



a=r (mod I) 



The following lemma allows us to execute the summation over a and will complete the 
proof. ■ 

Lemma 5.2. Let A he larger than 2, let r he an integer, and suppose I is a positive 
integer such that {r,l) = 1. Let W G C^(M+), W{0) = 1. Set 

a=r (mod I) 



Then 



S = Ml ( log ^ + r log X W{x)dx - V I + 0(^i/2+-) 



C(2) 

the implied constant depending on w and e. 

Proof. The overall idea is to use zeta function theory to evaluate S (that is, we use 
the Mellin transform of W to relate S to the values of a certain zeta function Z{s) and 
its logarithmic derivative at the point s = 1 (see (jH|)- 

Write a = aia2 where ai is squarefree and divisible by 02 (such a representation is 
unique since the conditions imply ai = a*). We obtain 

(a2,/)=l ai=ra2 (mod I) 
ai=0 (mod aj) 

Now write oi = OgOs (hence 03 and 03 are coprime and both squarefree) and set 
u = ra2a2 (mod /) to obtain 

S= 2^ 2^ ^ log (0303 — — . (6) 

(a2,i)=l a3=M(mod(j 
(a3,a^)=l 

Let 5i be the inner sum over 03 in © and set 



/(x) = log(a2x)W^ 



A 
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By Mellin inversion, 



where 



Then 



where 



27rz 7(a) \a2alJ 



Si= E /^^(«3)^/(a3) 

az=u (mod () 
(a3,a|)=l 

= ^ I ns)Zi{s)ds, 



n 

n=u (mod Ij 
{n,a^)=l 

Unfortunately, Zi does not have an Euler product because of the restriction n = u 
(mod /) so write 



' x(mod (n,o^)=l 
^ x(mod 

say. Zy^{s) has the fohowing Euler product expansion 

= n (1 + - n (1 + - i^'^K') ■ 

P p\a2 

The product 

is absolutely convergent for Re s > 1/2 so that 

Zxis) = L{s,x)V^is) n (1 + X{PKI-P-')P-T' 

p\a2 

is holomorphic in Re s > 1/2 except for a simple pole at s = 1 that occurs if and only 
if X is the principal character tpi (mod I). We evaluate Si by moving the contour of 
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integration to the line Re s = 1/2 + e, picking up a pole at s = 1 for Z^^{s). On the line 
Re s = l/2 + ewe have the bounds 

V^{s) « 1, 
and 

p\a2 

uniformly in I (using the Burdgess bound for L{s,x)), and of course 

F{s) < |s|"i00(l + (a2Ar/'). 

Thus we obtain 

Si = y Xiu)— I F{s)ZJs)ds 

\ A ( f A \ ^/^+^ / \ 

V^,Hi^(l)Res,=iZ^,(s) +0 {a^Afl'' , 



uniformly in I. Inserting this expression for Si into we get 

Setting Vi{s) = V^^{s) we obtain 

Res,=iZ^,(5) = ^mi) n (1 + {l-p-')p-T' , 

p\a2 

since ReSs=iI/(s, ■00 = l~^<f{l) and ipi{p) = 1 for all p\a2 (because {a2,l) = 1). Also, 

F(l) = ^°°log (^^^ VF(x)dx. 



Hence 

(n,l) 



(n,0=l p\n 



It is natural to define 



(n,i)=l VpIj^ 



for then 



S = jVi{l)Z{l) i^j \og{xA)W{x)dx + —{I) J W{x)dx] +0{A^/^+^). (8) 
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A computation shows that Z{s) has the Euler product expansion 



p](l \ ^ V J? 



p ^ 



We easily compute 



n(i + --4) ' fi + -(i--)(i-p-r^ 

J.J.\ p J \ p p 



pj(l ^ ^ i / ^/ \ ^/ p^l 

1 \ 



1 i\"V 1 

1 + 2 1 + - 

p p J \ p 



C(2) 



We compute 



so 



We now conclude 
which completes the proof. 



log^ + y°°logxVF(x)dx-^-^^ j +0(yl^/2+e)^ 



5.2 The Average Conductor of the Family J^i 

In this section we evaluate the conductor on average. We have 

Lemma 5.3. Let N^^f, be the conductor of the curve = x{x — a){x + 2b). Then for 
e > we have 



where 



and 

roc rco 

ci,i = I I log{2^xy{x + 2y))w{x,y)dxdy - c 

p^2 ■ 



ci,i= [ [ log{2^xy{x + 2y))w{x,y)dxdy~3y2^^^. (11) 
Jo Jo ZTo P ~ ^ 

The implied constant depends only on w and e. 
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Note = 0. 

Proof. Using Lemma 13.21 and the additivity of the logarithm we write 

Y,Y1 ^og{2'a*b*{a + 2br)w(j,^)=So + S^ + S2 + S3, 

a=ri (mod 2q) 
b=ti (mod 2q) 
{a,b)=l 

where 5*0, Si, 52, and correspond to the terms with the logarithm factor log 2^, log 
log 6*, and log (a + 26)*, respectively. By Lemma 14.31 we have 

So = log (25)M(.Fi) + 0(Xi/3+^). 

An application of Lemma 15.11 shows 

logA+ / / logx w{x,y)dxdy - ] +0{X^/^+'). 

Similarly, 

S2 = M{T,) I logs + / / logy w{x,y)dxdy - V 4^ 1 + 0(^'/'+") 



/* oo /*oo 1 \ 

/ / logyw{x,y)dxdy-y2^^\ +0{X'^ 
Jo Jo ^ P - 1 / 



The estimation for S3 is only slightly different. We first change variables via a — > a 
this leads to (recall A = B) 



a=ri+2ti (mod 2q) 
b=ti (mod 2q) 
{a,b)=l 

where w*{x,y) = w{x — 2y,y). We easily see w*{0,0) = w{0,0) and 

logx / w*{x,y)dydx= / / log{x + 2y)w{x,y)dxdy. 
Jo Jo Jo 

Now we've proved 

So + Si + 52 + S3 = M{Ti) (logX + di^iiq) + ci,i) + 0(X^/2+^) 

where 

/•oo r-oo ^ logp 

ci,i = / / log{2^ xy{x + 2y))w{x,y)dxdy -7,}^ - 

Jo Jo ^2^-1 

is a constant depending on w only. Now the proof of Lemma 15.31 is complete. 



5.3 The Average Conductor of the Family 

We have 
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Lemma 5.4. Let Na^b be the conductor of the curve = x(x^ + 2ax — 6). Then for e > 
we have 

E ^^--vl^..) -{^-'^-^} *'(^^) - (12) 



where 

"uW-^E^ (13) 

and 

ci,2= / / log{2%{x^ + y))w{x,y)dxdy-2y^-^. (14) 

T/ie implied constant depends only on w and e. 

Proof. As in the proof of Lemma 15.31 break the sum up into Sq + Si + S2, where 
So corresponds to log 2®, Si corresponds to log 6*, and S2 corresponds to log (a^ + b)*. 
Obviously we have 

5o = log (2^) M{T2) + 0{X'/^+'). 
By Lemma l5. II we easily have 

/ /"OO /"OO 1 \ 

Si = M{T2) \\ogB+ / \ogyw{x,y)dxdy - V + 0{X^/^+'). 

To handle ^2 we apply the change of variables h ^ h — and obtain 



a=r2 (mod 4g) 



{a,b)=l 

where w*{x,y) = w{x,y — x^). An application of Lemma l5. II gives 

log 5 + / / log + y) w{x, y)dxdy - V + 0{X^'^+'). 

Adding Sq, Si, and ^2 completes the proof. ■ 

6 The Gamma Factor 

The gamma factor in the functional equation of L{s,E) is the same for every elliptic 
curve E so there will be no variation in our families. 

Lemma 6.1. For any integer M > 1 we have 

' xW-log27r + — 1 + ; -]}dx 



logx ' I r V logx 

= rT^2 - 2;£c(l + 2/)?(^')(0) (logX)-^'-^ + Om ((logX)-2^-2) , 
°^ 1=1 

where 

C2 = -2 log 27r - 27 := C2,i := 02,2- (15) 
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Proof. Set 

The notation ip = is standard. We use the representations 



°° r 1 ^ I \ 



A:=0 

and 

oo 

V;(i + t) = -7 + ^(-i)'^C(A;)t'=-\ \t\<i, 

k=2 

which are (8.362.2) and (8.363.1) in \GK\ . respectively. The first clearly shows 

, / 27rix \ , \x\ 
V' 1 + 77 < log 1 + 



Then 



Hx) = / + 



where the odd powers of x do not appear because (j) is an even function. Truncating the 
series at / = introduces an error of order (logX)~^^~^. Extending the integration 
back to the entire real line does not introduce a new error term. Thus we obtain 

/(X) = -7^(0)-^C(l + 2/)(logX)-2' / (t>{x){2^ixfdx + On {{log X)-^^-^) 
1=1 J-"^ 

N 

= -im - E C(l + 2/)^('')(0) (logX)-^' + Oat ((logX)"27V-2) ^ 
1=1 

since 

/oo 
(A(x)(-27rix)"^da; = ^(™)(0). 
-oo 

Now the proof is complete. ■ 



7 The Contribution From The Primes Dividing 
The Conductor 



7.1 An Application of Polya- Vinogradov 

It is convenient to state here the following 
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Lemma 7.1. Let A and B be larger than 2. Let r, t, h, and I2 be positive integers such 
that {r,li) = (t, ^2) = 1- Let w G C^(M+ x R+), w{0,0) = 1. Let ii be a non-principal 
Dirichlet character of modulus q, where q is coprime with I2 ■ Then 



a=0 (mod q) 
a=r (mod h) 
b=t (mod ^2) 
(a,b)=l 

the implied constant depending only on w. 

Proof. Let S be the sum to be estimated. We may clearly assume (g, /i) = 1. Then 



5= EE m^i'l'i) 

a=qr (mod l\) 



h=t (mod I2) 
(a,6)=l 



a=qr (mod h) d\a b=dt (mod ^2) 



««7 



By Polya- Vinogradov, the summation over 6 is ^ (hq)^^'^- Summing this bound over a 
and d completes the proof. ■ 

7.2 The Family J^i 

Lemma 7.2. Let Xa,bip) be the p-th Dirichlet coefficient of L{s, Ea^b) for E^fi G J^i- Set 
Then 

^ Ti(a, h)wx{E,,b) = MiJ'i)^ !^ds,i{Q) + ^3,1 + O (^^) } + O {x'/'+^) , 

(16) 



where 



and 

v-^ logp 



The implied constants depend only on w, (j), and e. 
Proof. Let 



u{p,u)=p-/' EE 



(19) 



a=ri (mod 2q) 
b=ti (mod 2q) 
Na,b=0{niod p) 
{a,b)=l 
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so that 



9 °^ / 1 \ 

£^a,be^i ^ (p,2g)=l 1^=1 \ B / 

Write U{p, u) = Ui + U2 + U3, say, where Ui, U2, and C/3 correspond to a = (mod p), 
6 = (mod p), and a + 26 = (mod p), respectively (these conditions are mutually 
exclusive). When i' is even, ^^b^P) ~ P"'^^'^ foi' 6, and p under consideration. Thus 

for 1/ even and p 7^ 2 we have (recall A(2) = 0) 

EE -(1.1) 

a=0 (mod p) 
a=ri (mod 2q) 
b=ti (mod 2q) 
(a,6)=l 

= 5{p, 2q)p-''^M{T,) + 0{p-^X^'^+'), 

where 5{p, 2q) is the indicator function of {p, 2q) = 1, by Lemma U21 Of course U2 gives 
the same contribution as Ui . The change of variable a ^ a — 2b shows also gives the 
same contribution as Ui (the change of variables does not alter {^(0,0)). By Lemma 13.31 
we have for v odd 



^'.^.-^ EE 



a=0 (mod p) 
a=ri (mod 2q) 
b=ti (mod 2q) 
(a,b)=l 

Simply apply Lemma l7. II to obtain the bound for odd 

Again, U2 and U3 satisfy the same bound as Ui. 
Gathering these estimates, we obtain 



Now use the approximation (p{t) = 0(0) + 0(i^) and execute the summation over u to get 

and the proof is complete. ■ 
We mention that we could have used a higher-order Taylor polynomial to approximate 
4> to obtain a better asymptotic in ()16p. 

7.3 The Family 

Lemma 7.3. Let T2 be defined as in Lemma \7.'/\ but for the family T2- Then 

^ T2(a, b)wx{E^,b) = ^(-^2)^ \d^.M + C3,2 + O (^^) } + O (^'/'+' 



(20) 
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where 
and 

The implied constants depend only on w, <j), and e. 

Proof. The proof is essentially identical to that of Lemma f7.'2l The reason the constant 
differs is that the conductor of a curve in J^2 splits into two essentially independent factors, 
whereas for J^i there are three essentially independent factors. ■ 

In the course of discussion we proved 

Corollary 7.4. Let 5i = 3, 62 = 2. Then for (p, 2q) = 1 we have 



diM{J^i)£-^ + Oip-^/^X'^^^') for V even 



EE W 

Ar„,6=0 (mod p) 



p+1 



1 



O (^p-('^+i)/2x*»^^j for u odd. 

The implied constants depend only on w, cj), and e. 



8 Evaluating a Main Term 
8.1 The Prime Number Theorem 

It will be necessary to use the following 
Lemma 8.1. Set 9{t) = YlpKt^^^P '^'^^ 

R{t) = e{t) - t. (23) 

Then 

^ 21ogp ^^21ogp^ 0(0) 2^(0)/ r R(t),,\^n( -L\ 

Proof. Let S be the sum on the right hand side above. Then by partial summation 
and by replacing 6[t) by t + R{t) we obtain 

logxA t^^\\ogX) tHogX^ VogXjl 

2 pi r;^/21ogt\ 2 ;^,/21ogA\ 

logXA V\\ogX) \ogX^ \\ogX)i 

Applying the obvious change of variables to calculate the first integral and using the 
approximations (j){x) = + 0{x^) and (j)'{x) = 0{x) to estimate the second integral, 
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we obtain 



as desired. 



8.2 Both Families 

Now we can easily prove 
Lemma 8.2. For i = 1,2 we have 

^ ^-^ 21ogp ^ /21ogp\ 

where d^^i is given by (|24l) . C4^j is given by (|25jl . (5i = 3 and ^2 = 2. T/ie implied constants 
depend only on w, (p, and e. 

Proof. We do the calculation for both families simultaneously. We first remove the 
restriction p j(Na,b- We clearly have 

^ 21ogp 2/^2 log p\ X ^ 21ogp 2/^21ogp\ 

_^^logp^/21ogp\ ^ u,(^,^\ 

Na,b = (mod p) 

By Lemma l8. II the first sum is 

By Corollarv 17.41 (with = 0) we have for {p,2q) = 1 

Na,b=0 (mod p) 

where 6i = 3 and ^2 = 2. Summing over (p, 2q) = 1 gives 

M(.F^) 26ilogp ^r 2logp 
logX ^ p{p+ if [log X 

(p,2g)=l 
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The contribution from p = 2 is simply 



By gathering terms the proof of the lemma is complete with 

logp 



(24) 



P|9 



p^2 

with R{t) given by (also recall 5i = 3, 82 = 2) 
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9.1 Notation 

Definition 9.1. Set 

I \ 2f'^^°^P\ -12 A^ + 2)logp\ 

For Ti, i = 1,2, set 

a (mod p) 
/3 (mod p) 

Further, set 

For notational cleanliness we do not exhibit the dependence of Na^b and )^a,b{p^) on 
the family Ti. 



9.2 A Complete Character Sum Computation 

The character sums Qi{p") hold important arithmetical information about the distribu- 
tion of zeros in families of elliptic curves. In this section we show Qi{p^) = for v = 2 
and all v odd. It is of interest to study such character sums for other families of elliptic 
curves. When obtaining a density theorem with large support for a family of elliptic 
curves it is necessary to study variants of Qi{p) where the sum is twisted by an arbitrary 
additive character modulo p. Such investigations are undertaken in Y . 

We first show that Qi{p'^) = for odd. It is easy to see that for (p, N) = 1 we have 
X{p'^) = diX\p), where = if / ^ (mod 2). Hence we have 

EEV/^(^^)= E d[j2E^'^Ap)+ E 'iiEE^Up)^ 

a (3 l=u (mod 2) a /3 l=u (mod 2) a [3 
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for some d'^, d'l G C. The problem reduces to showing each of the two sums above vanish. 
For the first sum, we see that 



o p yi,--;yi a fj i=i 



P 



Take e such that {e/p) = —1 and apply the change of variables yi eyi, a — > ea, (3 — > e/3. 
We get the same sum multiplied by (e/p)^'; hence the sum is zero for / odd. A glance at 
Q shows that the second sum vanishes. 

The argument showing Q2{p'^) = for v odd is similar. 

We now show Qi(p^) = 0. We use the identity A(p^) = A^(p) — 1 for {p,N) = 1 and 
A(p'^) = A^(p) for p\N. The derivation is simple (assume p ^ 2): 

= EE^lM^)- EE 1 

a f3 a 13 

o/3(a+2/3)^0 (mod p) 

l^^^^fx{x-a){x + 2P)\ [ y{y - a){y + 2(5y 



Qiip' 



P ' 

1 

P 
1 

P 
0. 



X y a f3 

EEfv^ + tf-D^Eff 

[-p + l + {p- if] - (p2 -3p + 2) 



P 



{p-l){p-2) 



(p2 -3p + 2) 



Similarly, 

a f3 



EE 1 

a (3 
/3(a2+/3)^0 (mod p) 

x{x'^ + 2ax — P) 

P 



ip 

2: J/ a /3 

- W W f — ^ f - 



2/(y2 + 2ay - (3) 



P 



X y a (3 

2^ 



P\ fP + iy'^ - x'^) + a{y - x) 



P 



ip-l) 



{p-lf 



VP/ \P 

0. 



{p-lf 



Note that Qi{p'') is not always zero. For instance, Qi{5'^) = —216/25, Qi{7^) = 
528/49, and (52(3^) = —8/9. One can show that Q2{p^) = for allp, but the calculations 
are lengthy and tangential to our purpose here. 



9.3 Both Families 

Lemma 9.2. We have 



\ogX 



log^X 



+ 0{{AB) 



l-e\ 
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where 



C5,i 



pj^2 1=1 ^ 



p\q 1 = 1 

deM = -26,y2 (30) 



p\q 



and 



e.(ao,6o) = -^E^ogp (l - ^Y^^^^^^^. (31) 



p\q V -f-/ i.=l 

T/ie implied constants depend only on w, cp, and e. Further, e must he sufficiently small 
with respect to the support of (j). 

Recall 6i = 3 and 62 = 2. We can also use the identity 

V kp") _ (. m , xn{p) 

to find alternate expressions for cs^j, d^^i[q)^ and ei(ao,6o). Here xa^ is the principal 
Dirichlet character (mod A^). Namely we have 



p^2 ' a,6(mod p) I ^ ^ 

logp v^v- \[, Kbip) , XN,^,{p) 



C5,i 



^..crt-^E^EEU'-^ + ^l ™ 



p\q a,b (mod p) 



and 



e.(„„,W = -2j:i„gp(l-i){(l-^^ + i)" -ij. ED) 

It is interesting that Lp{l/2,Eag^bo) is visibly present in the expression for e^. 

Proof. The basic idea is to simply complete the sum over a and b modulo p to write 
our sum in terms of a sum of Q{p^)- For u > 3 this is completely straightforward. For 
V = 2 some work needs to be done to show that the summation over p converges. The 
calculations in the previous section showing Q{p'^) = are for this purpose (the trivial 
bound Q{p^) <^ p^ barely fails to succeed in showing the sum converges). The case u = 1 
is in some sense a separate issue. If </> has small support (i.e. for p rather small) it is 
easy to show that there is no contribution from terms with v = 1. For larger support it 
becomes a difficult problem to prove the same result. See for a detailed investigation 
into such problems for a variety of families of elliptic curves. 

It is convenient to extend the summation over all primes p. Write J = J' — J", where 
J' is defined by the sum (|2H|) but with no restriction on p, and J" is defined similarly but 
with the condition p\N. Since A(2) = we may freely assume p ^ 2. 
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We first show 

/'(^.) = M(^.)ii| (-ca, - d,,. + O (^)) + O (Xi-) . (32) 
Using Corollary 17.41 and the approximation 

.(„.,.?,0,(.-1).0(^) (33, 

we have 

7V„,f,=0 (mod p) 



(p,2g)=l V 



even 



(p,2ij)=l I' oven o-f \ f / 



. {P.2g)= 



as desired. 

It suffices to show 



J\Ti) = M{J^,)^ f C5,. + d,4q) + e,(ao, bo) + O f-^" 
logA V Vlog 

. . f^^A ni..\ ^ ^ 



a=ri (mod 2'q) 
b=ti (mod 2'<j) 
(a,fe)=l 



so that 

logp y> ZV) 
p 1/=1 ^ 

We will calculate V{p, u). In case we then have 

by Lemmas 14.31 and 14.41 The contribution to J' from p\q is thus 



- 'lil^^^^) E log^E ^^^^(^' + OiX^^^^l (35) 



i/=i 
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where 



= « (log9)'/'log^(log3Q). 



p. 

This gives the term ei(ao,6o)- From now on assume p J(2q. 
We shall now prove the following approximation 

V{p, u) = 9p!lM{Ti) +0{{u + l) {p{A + Bf+^ + p\ABr + {ABf-^)) , (36) 
p'^ — 1 ' 

uniform with respect to q. This bound is nontrivial for p <^ (min(^, 
Proof of (|36|1 ■ By Mobius inversion, 

V{p,u)= fi{d)Va{p,u), 

{d,2pq) = l 

where 

Vd{p, v)= Kd,bdiPl'^ (^-j^ ^) • 

ad=Ti (mod 
bd=ti (mod 2»(j) 

The restriction {d,p) = 1 can be imposed because Ao,o(p^) = for all p,v. Since 
Vdip, y) <C d~'^{v + l)yli? we have for any i? > 1 the trivial estimate 

d>R 

the implied constant depending on w only. Performing Poisson summation in a and h 
(mod 2*pg) gives 

, , AS , ,^fhAkB\ 

vdP. ") = E E ^-c-. p. j . (38) 

where 

Y{h,k,p,u)= Yl Yl >^c.dMp'')e ( "^2»ji(f^ ) • 

« (mod 2^pq) /3 (mod 2^pq) 
ad=ri (mod 

(mod 2»(j) 

Computing Y by separating the variables via the Chinese remainder theorem we get 



( dp{rih + tik)\ v^v^ , . I 2^dq{ah + (3k) 
Y{h,k,p,u) = e ( ^ ) Z^Z^ ^"./^i^' )^ 



a (mod p) 
13 (mod p) 



p 



If we estimate the nonzero frequencies of trivially we get the estimates (for (d, 2pq) = 1) 



4^dV9H Vmin(A,5) AB 

and hence 

/.(<i)y,(p, i.) = 9i^m{:f,) + o(ii. + 1) (p(A + i?) log i? + + y 

d<R ^ ^ ^ 

(d,2pg)=l 

(39) 
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Gathering the estimates (|57|) and and taking R = {ABY we obtain 

The case = 1 requires special care so we first estimate the contribution to J'{J-i) 
from 1/ > 2. For convenience we denote 

J,(^.) = -2 >^ logX 

{p,q) = l ^ u=2 ^ 

At this point take 0<pi <2/3, 0< p2 < 1/2 such that for each J^i we have supp cj) C 
{—pi,Pi). Then f{p,i^) = for p*^ > X''*. The inequahty p <^ X^^^" imphes p <C 
(min(74, for > 2, i.e. the estimate ()36() is nontrivial in this range. Hence we 

easily obtain 

T(T\ o '^ogp V{p,v) 



l-e\ 



■f^ E E!^.(P,2.)%^^+0((AB) 
log A ^-^ p^'^ p^ — 1 

{p,q) = l 1^=1 



l~e\ 




2M(J^ I ^ f.iogpQ^ / X U+nrMm 

I (p,g) = l J^=l 



l-e\ 



= M{J^.)^[c,, + d,M+0[^-^jj+0{{ABy-^). (40) 

Here e is bounded from above in terms of the support of (j). As pi approaches 2/3 or p2 
approaches 1/2 we must have e approaching zero. 
It remains to show 

J[{T,) « {ABf'' 

for test functions (j) supported in the desired ranges. The proofs (distinct for each family) 
are essentially carried out in 'Y . For small support the result follows from (|36j) . 

By gathering the terms (jSl)) . (jSSJ, and (jlO)) . the proof of Lemma EH is now complete. 
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